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We find solutions of the Dirac equation in curved spacetime. In particular, we consider 1+1
dimensional sections of several exotic metrics: the Alcubierre metric, which describes a scenario
that allows faster-than-light (FTL) velocity; the Go¨del metric, that describes a universe containing
closed timelike curves (CTC); and the Kerr metric, which corresponds to the metric of a rotating
pointlike source, for instance a rotating black hole. Moreover, we also show that the techniques that
we use in these cases can be extended to nonstatic metrics.
I. INTRODUCTION
In 1928, Paul Dirac formulated a special relativistic
version of the wave equation in quantum mechanics (~ =
1, c = 1):
iγµ∂µψ −mψ = 0,
where, in the standard representation,
γ0 =
1 0 0 00 1 0 00 0 −1 0
0 0 0 −1
 γ1 =
 0 0 0 10 0 1 00 −1 0 0
−1 0 0 0

γ2 =
 0 0 0 −i0 0 i 00 i 0 0
−i 0 0 0
 γ3 =
 0 0 1 00 0 0 −1−1 0 0 0
0 1 0 0
 .
This equation was born as an attempt of linearization
of the Klein-Gordon equation, that comes from the ap-
plication of the Einstein relation E2 = p2 + m2 to the
Schro¨dinger equation Hamiltonian. The Dirac equation
was a turning point in physics. Joining Quantum Me-
chanics and Relativity, this equation predicts the spin of
the electron, the existence of antimatter etc. and it is
considered as the natural transition between relativistic
quantum mechanics and quantum field theory [1]. More-
over, a renewed interest in the Dirac equation has come
from the field of quantum simulations, which has enabled
the experimental observation of some of its more interest-
ing features in tabletop experiments [2–8]. Nevertheless,
even though the general solutions of this equation are
well-known, this is not the case of the Dirac equation
in curved spacetime. In general, obtaining solutions in
curved space is more complicated. For a detailed analy-
sis of the 3+1 Dirac equation in Riemannian spacetimes,
see for instance [9]. Some particular 1+1 D cases can be
found, for instance, in [10] and [11].
In this work, the method explained by one of us in [11]
will be applied to obtain solutions of the Dirac equation
in curved spacetime for different exotic metrics in 1+1
dimensional sections, with the help of known solutions
in Minkowski spacetime. If we take a 1+1 dimensional
section of the spacetime, the Dirac equations reduces to
[10]:
i
(
∂t +
Ω˙
2Ω
)
ψ = −iσx
(
∂x +
Ω′
2Ω
)
ψ + σzΩmψ
where Ω is the conformal factor – note that any metric
in 1+1 dimensions allow a coordinate change such that
it acquires the form ds2 = Ω2(−dt2 + dx2) – the dot and
prime stand for time and spatial derivatives, respectively
and σx and σz are the Pauli matrices:
σx =
(
0 1
1 0
)
σz =
(
1 0
0 −1
)
Note that if Ω = 1, we obtain the well-known Dirac
equation in 1+1 dimensional flat spacetime (see, for in-
stance [12]). This equation has been studied in detail,
including striking properties such as Zitterbewegung or
Klein paradox [13, 14]. Given Ω, we could try to find so-
lutions of this partial differential equation system. How-
ever, that procedure could be very involved, depending
on the particular form of Ω. The method presented in [11]
allows to find the solution of this partial differential equa-
tion system through a coordinate change and an existing
solution in Minkowski spacetime. Thus, the method will
be applied to several exotic metrics of interest, such as
the Alcubierre metric, which allows FTL velocity; to the
Go¨del metric, which allows CTC; and the Kerr metric,
which describes the spacetime geometry generated by a
rotating body (rotating black holes). Furthermore, we
will see that, although in [11] Ω˙ = 0 (static spacetime) is
an apparent requirement for the validity of the method,
in fact the method is also valid for nonstatic spacetimes.
Our results might be of interest in the context of quan-
tum simulation of the Dirac equation. Several ideas
have been proposed for simulating the Dirac equation in
Minkowski spacetime for 1+1 dimensional sections: for
example, experiments have been already realized with
trapped ions [2, 5] and Bose-Einstein condensates [7, 8],
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2while realistic proposals exist with superconducting cir-
cuits [15] . Also, some ideas have been proposed for sim-
ulating the Dirac equation in curved spacetime for 1+1
dimensional sections: for example, through a mapping
between this equation and a multiphoton quantum Rabi
model [16] . However, since we obtain solutions in curved
spacetime through transformations of Minkowski solu-
tions, the results obtained in this work could be helpful
for simulations of Dirac equation in non trivial space-
times with currently existing setups.
The structure of the paper is the following. We start
in Section II by recalling the procedure for obtaining so-
lutions of the Dirac equation in curved spacetimes out of
flat-spacetime solutions, first introduced in [11]. Then,
we proceed to apply it in Section III to the aforemen-
tioned curved spacetimes of interest. Finally, we intro-
duce a generalization of the method to nonstatic space-
times in Section IV, which might be useful for further
applications. We conclude in Section V with a summary
of our results.
II. METHOD
We summarize here the procedure to obtain solutions
of the Dirac equation in curved spacetimes, first discussed
in [11]. In general, the Dirac equation in curved space-
time is obtained by replacing the standard partial deriva-
tives in the Minkowski equation by the corresponding co-
variant ones, where the affine connection would carry the
dependence on the particular form of the metric. In 1+1
D, using the conformally-flat form of the metric and with
a little algebra (see the details in [10]), we can get:
i
(
∂t +
Ω˙
2Ω
)
ψ = −iσx
(
∂x +
Ω′
2Ω
)
ψ. (1)
For the static case, in which the conformal factor is time-
independent Ω˙ = 0, the equation is:
i∂tψ = −iσx
(
∂x +
Ω′
2Ω
)
ψ. (2)
If we make the transformation ψ = Ω−1/2φ, the equation
(2) becomes:
i∂tφ = −iσx∂xφ
which corresponds to the Dirac equation for a massless
particle in Minkowski spacetime, whose solution is well-
known (see, for instance, [17]). Thus, using this transfor-
mation and the conformal factor of the 1+1 dimensional
metric, we can find analytical solutions for the Dirac
equation in curved spacetime. So, for a given metric,
we have to follow this three-step procedure:
1) Find a change of coordinates (t, x) → (t¯, x¯) such
that, in the new coordinates, the metric acquires the form
ds2 = Ω2(−dt¯2 + dx¯2).
2) Using those new coordinates (t¯, x¯), apply ψ(t¯, x¯) =
Ω−1/2(x¯)φ(t¯, x¯), where φ(t¯, x¯) is the solution of the
Minkowski spacetime Dirac equation.
3) Once having ψ(t¯, x¯), apply the coordinate change
(t¯, x¯) → (t, x) to finally find the solution of the curved
spacetime Dirac equation in (t, x) coordinates.
Please note that, in spite of its apparent simplicity,
in general it might not be necessarily straightforwerd to
perform the steps 1) and 3). To write the metric in a
conformally-flat form, it might be needed to express the
change of coordinates in a differential form, which could
generate an equation that might still not be straightfor-
ward to solve, as we will see in the (III B) section.
This method was applied in [11] to find solutions of
the Dirac equation in a 1+1 dimensional section of a
traversable wormhole spacetime. Let us now consider
other examples of interest.
III. RESULTS
A. Go¨del and Alcubierre metric
Both metrics will be discussed in the same section be-
cause of their similarity.
In 1994, Alcubierre proposed a metric that, in princi-
ple, allows FTL motion [18]. Note that, in general rela-
tivity, FTL speed is only forbidden locally. This is not
as exotic as it might seem at first glance: for instance,
the expansion of the Universe can make that two dis-
tant galaxies move at FTL speed between them, while
each one is moving locally inside its light-cone. While
the oposite might be possible too: if the spacetime were
contracting fast enough, each galaxy were moving near
the speed of light locally (inside its light-cone) in oposite
directions, but globally both were getting closer. With
these considerations in mind, Alcubierre’s idea is simple:
to create, in the front of an object, a spacetime contrac-
tion, and in the back, a spacetime dilation. Thus, the
contraction will pull the object forward, and the dilation
will push the object forward too. Locally the object will
be inside its light-cone, but due to this spacetime ma-
nipulation, it would move FTL– as compared with c, the
speed of light in flat-spacetime vacuum.
The Alcubierre metric inside the “bubble” created by
the space-temporal contraction/dilation, under the limit
σ → ∞ [18], and taking a spatial section y = y0 and
z = z0 (with constant y0, z0), acquires the form [18, 19]:
ds2 = −(1− v2s)dt2 + dx2 − 2vsdxdt. (3)
As expected, Eq. (3) becomes the Minkowski metric
when vs = 0. Now we make a coordinate change (t, x)→
(t¯, x¯), such that:
dt = dt¯
dx = dx¯+ vsdt¯.
3The Alcubierre metric, using those new coordinates,
acquires the form ds2 = −dt¯2 + dx¯2, that is simply the
Minkowski metric, so the conformal factor will be Ω2 = 1,
and the solution of the curved spacetime Dirac equation,
ψ(t¯, x¯), will be equal to the Minkowski spacetime solu-
tion, φ(t¯, x¯). Now, due to the big similarity – regard-
ing to the application of our techniques – between the
Alcubierre and Go¨del metric, we first discuss the lat-
ter case and then we compare both results. It is rele-
vant to mention that, although the Dirac equation in a
Go¨del universe has already been considered in the study
of tachyon’s stability [20], our objective is to find explicit
analytical solutions for this equation in the Go¨del’s back-
ground, using our procedure.
K. Go¨del, in 1949, found a solution of the Einstein
equations [21] corresponding to an homogeneous mass
distribution that rotates at each point of the space [22].
That distribution of matter causes unusual effects, such
as the existence of CTC. In cylindrical coordinates [22],
the metric is given by the following expression:
ds2 =dt2 − dr
2
1 + ( r2a )
2
− r2
(
1−
( r
2a
)2)
dφ2 − dz2
+
2r2
a
√
2
dtdφ
(4)
where a is a parameter with units of length, that repre-
sents a characteristic distance. In particular, rG = 2a
represents the critical radius from which CTC can exist
[22].
Now, taking a radial section with φ = φ0 and z = z0
[19], the Go¨del metric becomes:
ds2 = dt2 − 1
1 +
(
r
2a
)2 dr2
By making the coordinate change (t, r)→ (t¯, r¯), with
dr¯2 =
1
1 +
(
r
2a
)2 dr2
dt¯2 = dt2
(5)
the previous metric transforms into the Minkowski metric
ds2 = dt¯2 − dr¯2. Furthermore, we can find the relation-
ship between the (t, r) and (t¯, r¯) coordinates by perform-
ing the following integration:
r¯(r) =
∫
dr√
1 +
(
r
2a
)2
whose solution – setting r¯(r = 0) = 0– is:
r¯(r) = 2a sinh−1
( r
2a
)
.
With these new coordinates, the conformal factor be-
comes Ω2 = 1, and the Minkowski spacetime solution
will be the same as the curved spacetime solution, as in
the case of the Alcubierre metric. Thus, the only dif-
ference between Go¨del and Alcubierre metric is the re-
lationship between the original coordinates and the new
coordinates.
Now, if we assume that the wave function has a gaus-
sian initial form:
φ(x¯, 0) = Ne−
(x¯−x¯0)2
σ2
(
1
1
)
where x¯ is the conformally flat coordinate and N is a nor-
malization constant, the solution for the Dirac equation
in Minkowski’s spacetime will be [11, 17]:
φ(x¯, t¯) = Ne−
(t¯−(x¯−x¯0))2
σ2
(
1
1
)
(6)
Since ψ = φ, to find the curved spacetime solution we
only have to apply the coordinate change for each metric.
In the Alcubierre case we have:
φ
(
x¯(x), t¯(t)
)
= Ne−
(t−(x−vst−x¯0))2
σ2
(
1
1
)
, (7)
while, for the Go¨del metric:
φ
(
r¯(r), t¯(t)
)
= Ne−
(t−(2a sinh−1(r/2a)−x¯0))2
σ2
(
1
1
)
. (8)
Both solutions are represented in Figure 1.
For a), b) and c), as the parameter vs increases,
the slope of the gaussian wavepacket’s “trajectory” de-
creases. In other words, the particle’s velocity increases
as vs is bigger. In fact, if we take a look to the expres-
sion (7), we can see its equivalence to the solution of the
Minkowski spacetime Dirac equation (6) if we substitute
t with (1+vs)t. This means that, physically, the particle
moves with a FTL velocity c¯ = 1 + vs, as expected for a
massless particle since this is precisely the speed of light
in this spacetime.
For d), e) and f), we can see that the particle velocity
is no longer constant. This variation is inversely propor-
tional to the value of a, as expected, since in the limit
a → ∞ the Go¨del metric (4) becomes the Minkowski
metric in cylindrical coordinates. In addition, the slope
decreases with the propagation of the particle, implying
FTL velocity. Of course, in general the existence of CTC
–which is the most genuine feature of Go¨del spacetime–
is intimately linked with the possibility of FTL (see, for
instance, [23]).
B. Rotating black hole
The main motivation to study the Kerr metric is the
fact that it describes the spacetime geometry of a rotat-
ing body, so it can be used to analyse the physics of black
4a) b)
c) d)
e) f)
xx
xx
xx
FIG. 1. spacetime diagrams for the probability density of
Dirac equation solutions in a-c) Alcubierre metric with a)
vs = 0 (equivalent to Minkowski spacetime), b) vs = 0.5 (sub-
luminal spacetime bubble), c) vs = 2 (superluminal spacetime
bubble); d-f) Go¨del metric with d) a = 2, e) a = 1, f) a = 0.5.
Please note that the wave function is not normalized.
holes in a more realistic scenario than the one provided
by the Schwarzschild metric. Using Boyer-Lindquist co-
ordinates (t, r, θ, φ), the Kerr metric is [24][25]:
ds2 =−
(
1− 2Mr
Σ
)
dt2 − 4Mar sin
2 θ
Σ
dtdθ +
Σ
∆
dr2
+ Σdθ2 +
(
r2 + a2 +
2Ma2r sin2 θ
Σ
)
sin2 θdφ2
where
Σ(r, θ) = r2 + a2 cos2 θ ∆(r) = r2 + a2 − 2Mr
If we take a radial section (θ = θ0, φ = φ0), we obtain
[19]:
ds2 = −
(
1− 2Mr
Σ(r, θ0)
)
dt2 +
Σ(r, θ0)
∆(r)
dr2,
where Σ(r, θ0) is a function of the coordinate r (for sim-
plicity, Σ(r, θ0) = Σ(r)). So, if we make the coordinate
change (t, r)→ (t¯, x¯) with:
Σ(r)
∆(r)
dr2 =
(
1− 2Mr
Σ(r)
)
dx¯2
dt2 = dt¯2
(9)
the metric acquires the form
ds2 = Ω2(r)(−dt¯2 + dx¯2)
with
Ω2(r) = 1− 2Mr
Σ(r)
.
Due to the conditions (9), r will be a function of x¯,
whereas t = t¯, so the conformal factor Ω(r) will be a
function of r(x¯):
Ω2
(
r(x¯)
)
= 1− 2Mr(x¯)
Σ
(
r(x¯)
) (10)
To find the conformal factor Ω
(
r(x¯)
)
we need to obtain
r(x¯). Using the first equation in (9) and, after doing some
algebraic manipulations, we obtain that x¯(r) is given by:
x¯(r) =
∫
drΣ(r)
√
1
∆(r)
(
Σ(r)− 2Mr) + C (11)
In general, solving this integral is not straightforward.
Later, we will analyze some particular cases in which the
integral can be solved. By now, let us just assume that
r(x¯) is known. Thus, the conformal factor is be given
by the equation (10) and, therefore, the relation between
the solution to Dirac equation in curved spacetime (ψ)
and flat spacetime (φ) will be:
|ψ(x¯, t¯)|2 =
∣∣∣Ω−1/2(r(x¯))∣∣∣2|φ(x¯, t¯)|2
=
∣∣∣∣∣
√
Σ
(
r(x¯)
)
Σ
(
r(x¯)
)− 2Mr(x¯)
∣∣∣∣∣|φ(x¯, t¯)|2
(12)
All the wave function properties caused by the space-
time curvature are contained in the factor Ω−1
(
r(x¯)
)
, so
it is interesting to analyze this function. First, there ex-
ist regions in which the probability density of the wave
function in curved spacetime becomes infinite. It hap-
pens when the following condition is fulfilled – we relax
the notation and write r instead of r(x¯):
Σ(r)− 2Mr = 0 (13)
This condition is satisfied whenever r = r±, with:
r± = M ±
√
M2 − a2 cos2 θ0, (14)
which are the well-known apparent singularities where
the temporal component of the metric changes sign,
defining the ergosphere [26]. On the other hand, there
exist points in which the wave function is null, indepen-
dently of the form of the solution in Minkowski’s space-
time. This will happen whenever Ω−1(r) = 0, thats is,
when:
5Σ(r) = 0 → r2 + a2 cos2 θ0 = 0,
which will be satisfied when at least one of those condi-
tions apply:
1) r = 0, a = 0 (no rotation)
2) r = 0, θ0 =
pi
2 .
Finally, there is a region of the space in which the
conformal factor is an imaginary number. This occurs if:
Σ(r)− 2Mr < 0.
This second-degree inequality is verified for r− < r < r+,
namely, within the ergosphere.
1. Radial section with θ0 = 0
Let u consider θ0 = 0. Then Σ(r) = r
2 + a2, ∆(r) =
Σ− 2Mr, and the integral becomes:
x¯(r) =
∫
dr
Σ(r)
∆(r)
+ C =
∫
dr
r2 + a2
r2 + a2 − 2Mr + C
whose solution is
x¯(r) =
2M2√
a2 −M2 tan
−1
( r −M√
a2 −M2
)
+M log
(
a2 − 2Mr + r2)+ r + C
Bearing in mind that, for a rotating black hole, M2 > a2
is satisfied (otherwise, it would not be a black hole, but
a highly rotating body [27]), and using the relationship
tan−1(ix) = i tanh−1(x), we can write the solution as:
x¯(r) =
2M2√
M2 − a2 tanh
−1
( M − r√
M2 − a2
)
+M log
(
a2 − 2Mr + r2)+ r + C (15)
The constant of integration can be chosen in such a way
that the constant imaginary part of Eq. (15) cancels
out in each of the three spacetime regions defined by the
apparent singularities r±. Thus:
C =

−i piM
2
√
M2 − a2 if r < r−
−iMpi if r− < r < r+
−i piM
2
√
M2 − a2 if r+ < r
In Figure 2, we plot x¯(r) for different values of M and a.
Finally, assuming again that our particle is charac-
terized by a Gaussian wavepacket, the solution in Kerr
spacetime is:
FIG. 2. x¯(r) for different values of the parameter a. In ab-
sence of rotation (a = 0), the singular points are in r = 0
and r = 2M (Schwarzschild’s black hole). As the rotation
increases, both points (r = r±) come closer to r = M .
∣∣ψ(x¯(r), t)∣∣2 = √ Σ(r)
Σ(r)− 2Mr
∣∣φ(x¯(r), t)∣∣2
= 2N2
√
Σ(r)
Σ(r)− 2Mre
− 2(t−(x¯(r)−x¯0))2
σ2
This solution is represented in Figure (3) for several val-
ues of a and M .
Naturally, when we set M = a = 0, the metric be-
comes the Minkowski one, Ω2 = 1, and the expression
(15) reduces to x¯(r) = r. In other words, the solution
corresponds to a free particle in flat spacetime, as it is ob-
served in Figure (3 a). If we slightly increase the value of
M (with a = 0, thus we are in Schwarzschild spacetime),
we see that the free solution is slightly disturbed, in-
creasing the probability density near the horizon, as can
be seen in Figure (3 b). As the mass increases, the prob-
ability density accumulates nearby the horizon, placed
in r = 2M . In addition, we see that the width of the
wavepacket is drastically reduced (the particle is more
localized in space), and the particle’s speed diminishes,
vanishing in the horizon. Finally, if we set the mass to
a constant value and we change a (Figures (3 e-h), we
see that, as a increases, the inner horizon is generated,
around which, again, the probability density accumulates
in the same way as before. In addition, in the region be-
tween both singular points –the ergosphere– we see how
the particle tends to be expelled towards the interior or
exterior horizon.
6b)
d)
f)
a)
e)
g) h)
c)
FIG. 3. Dirac equation solution for Kerr metric and different values of the parameters a and M . a)-d), a = 0 (no rotation,
Schwarzschild metric) and M ranging from 0 to 2. The horizon is at r = 2M . e)-h) M = 2 and a ranging from 0 to 2, two
singularities appear according to Eq. (14) with θ0 = 0 giving rise to an ergosphere which splits the full spacetime into three
separate regions . Notice that as a increases r+, r− move from 2M and 0, respectively, to M , where they would merge in the
limit M = a. Please note that the wave function is not normalized.
7IV. NONSTATIC SPACETIMES
So far, we have only analyzed static metrics, that is,
Ω˙ = 0. We now show that our techniques are also valid
for the case of nonstatic metrics (Ω˙ 6= 0). Performing
the substitution ψ = Ω−1/2φ in Equation (1) and with a
little algebra, we find:
i
(
∂t +
Ω˙
2Ω
)
(Ω−1/2φ) = −iσx
(
∂x +
Ω′
2Ω
)
(Ω−1/2φ)
∂t(Ω
−1/2φ) +
Ω˙
2Ω
Ω−1/2φ = −σx
[
∂x(Ω
−1/2φ) +
Ω′
2Ω
Ω−1/2φ
]
Notice that
∂t(Ω
−1/2φ) = −1
2
Ω−3/2Ω˙φ+ Ω−1/2∂tφ. (16)
Therefore the terms not containing ∂tφ cancel out. The
same thing happens with the spatial partial derivative:
the terms without ∂xφ cancel out. Thus, putting every-
thing together we recover the equation:
i∂tφ = −iσx∂xφ
that is the Dirac equation for Minkowski space-
time. Therefore, our techniques could be also applied
to nonstatic spacetimes, such as Friedmann-Lemaˆıtre-
Robertson-Walker spacetime, as in [10].
V. CONCLUSIONS
Following [11], we have shown that is possible to ob-
tain solutions of the Dirac equation in curved spacetime
by means of a transformation ψ(x¯, t¯) = Ω−1/2(x¯)φ(x¯, t¯)
where ψ(x¯, t¯) is the curved spacetime solution, φ(x¯, t¯) is
the Minkowski spacetime solution and Ω(x¯) is the con-
formal factor. Then, in order to be able to apply this
transformation, it is necessary to perform first a coordi-
nate change (x, t) → (x¯, t¯), such that in the new coordi-
nates, the metric is conformally flat. We have applied
this technique to three different metrics: 1+1 dimen-
sional sections of Alcubierre, Go¨del and Kerr metrics.
For Alcubierre and Go¨del, the conformal factor turns out
to be Ω2 = 1, so the only difference between both solu-
tions is the coordinate transformation employed in each
case. Setting a gaussian solution in Minkowski space-
time, and after undoing the coordinate transformation,
we obtain the solutions (7) and (8), for Alcubierre and
Go¨del spacetimes, respectively. In this way, we have been
able to analyse the FTL behaviour of massless particles
in these exotic spacetimes. In the case of the Kerr met-
ric, the conformal factor is non-trivial Ω2(r) = 1− 2MrΣ(r) .
We find an analytical solution in a spatial section with
θ0 = 0. We have discussed the dependence of this so-
lution on the black-hole mass and rotation, as well as
the behaviour of the particle near the singularities and
within the ergosphere. Finally, we have shown that our
technique is valid also for nonstatic spacetimes.
Our results might, in principle, be useful in the con-
text of quantum simulations of the Dirac equation. In
particular, following the spirit of [11], notice that our
technique entails that curved spacetimes can be encoded
into a transformation realized onto a flat-spacetime Dirac
wavepacket. Therefore, in principle, our results could
be tested in already existing quantum simulators of the
Dirac equation in flat spacetime.
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